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A model for flow-induced collisions of fractal aggregates is developed. The model is
based on the analysis of the relative trajectories between a pair of aggregates that
takes into account their hydrodynamic and their colloidal interactions. Regarding the
former, the aggregates are modeled as permeable spheres where the Brinkman equa-
tion is used to describe the flow inside the aggregates. Interparticle forces are incorpo-
rated by considering the forces between the primary particles in the two aggregates
that are the nearest. The model results in a collision efficiency that depends on the
masses of the colliding aggregates, the fractal dimension, and a nondimensional
Hamaker constant characterizing the interparticle forces. The collision efficiency
model is used to investigate the dynamics of a suspension undergoing coagulation. Sig-
nificant deviations with respect to existing collision efficiency models are evidenced.
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Introduction

The removal of fine particles from a liquid suspension by
means of coagulation (aggregation, flocculation) is a common
unit operation in the polymer industry and in waste water
treatment. In the former, the particles are in the form of a la-
tex, typically produced by emulsion polymerization, with
particle sizes in the range of a few tens to hundreds of nano-
meters. To effectively remove these particles from the sus-
pension the latex is coagulated which results in aggregates
(clusters, flocs) with sizes ranging from a few micrometers
up to millimeters. Very often, coagulation is thereby
performed in an agitated device, e.g., a stirred tank, which

enhances the growth rate of aggregates as well as the mixing
of coagulation agents. The growth rate of aggregates in a
flow, that is to say, the aggregation kinetics in a flow, that
becomes the dominant growth mechanism when the aggre-
gates had grown larger than ;1 lm is the subject of this
article.

In the case where the flow is a simple shear flow and in
the absence of any interaction between the particles except
sticking upon contact, the collision rate between particles of
species i and j reads as KijNiNj, where

1,2

Kij ¼ 4=3GðRc;i þ Rc;jÞ3; (1)

is the collision frequency function, Ni is the concentration of
particles i, G is the characteristic velocity gradient (shear
rate) of the fluid flow, and Rc,i is the collision radius of parti-
cle i, i.e., the characteristic radius of particle i that is accessi-
ble to collisions. It is recognized that interactions between
the particles are negligible only when the particles are van-
ishingly tenuous, i.e., aggregates with a very open structure,
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such that the fluid flow can penetrate the aggregates nearly
undisturbed and that interparticle forces acting between the
aggregates are negligible. Dense aggregates and solid par-
ticles, on the other hand, are subject to strong hydrodynamic
interactions when approaching each other3,4 which signifi-
cantly influences the collision rate.

The aim of this work is to develop an efficiency factor to
the collision rate given earlier, which takes into account the
hydrodynamic interactions and the interparticle forces acting
between aggregates. This is achieved through the analysis of
the relative trajectory between a pair of aggregates. This
method was applied in earlier studies5–9 to investigate the
collisions between solid particles. With respect to these stud-
ies which are restricted to collisions of impermeable particles
(i.e., primary particles) in this work the porous structure of
the aggregates is explicitly taken into account.

The collision efficiency of porous aggregates was the sub-
ject of earlier studies: Kusters et al.10 proposed a so-called
core-shell model to describe the hydrodynamic interactions
of porous aggregates where the aggregates are assumed to
consist of an impermeable core surrounded by a completely
permeable shell. Ducoste11 adopted this notion and proposed
a semiempirical closed form expression for the collision effi-
ciency that takes into account the interparticle forces acting
between the aggregates. Thill et al.12 used the collision effi-
ciency scheme proposed by Veerapaneni and Wiesner13

which substitutes the radius in Eq. 1 through an effective col-
lision radius that depends on the aggregate permeability. It is
recognized that all these models rely on strong ad-hoc
assumptions regarding both the hydrodynamic interaction and
the interparticle forces. Moreover, in all these models the ag-
gregate permeability is computed from the aggregate solid
volume fraction which leads to very small permeabilities for
the aggregates (i.e., large shielding ratios, cf. Eq. 9) which
are not in agreement with the settling behavior of porous
aggregates.14 Based on these observations, we see a clear
need for a better and more detailed understanding of the col-
lisions between aggregates in order to describe flow-induced
coagulation.

Before turning to the collision model, let us consider the
structure of the aggregates. It is generally accepted that
aggregates formed by Brownian aggregation are fractal
objects.15 This implies that, on average, the number of pri-
mary particles in an aggregate, i (hereafter referred to as the
mass of an aggregate), scales with its radius R according to
i ; Rdf, where df is a fractal dimension. Although less con-
clusive, the concept of fractal aggregates reveals to very
practical for aggregates whose formation is dominated by the
flow. Hence, in this work, the fractal scaling is applied in the
common form

i ¼ kgðRg

.
RpÞdf ; i > 3; (2)

where Rg is the radius of gyration of the aggregate, Rp is the
radius of the primary particles forming the aggregate, and kg
is a constant which is taken as unity.16 According to Lat-
tuada et al.,16 the scaling relation, Eq. 2, is considered to
hold for aggregates consisting of more than three monomers.

In the next section, a collision model is introduced which
allows us to compute the collision efficiency as a function of

the structure of the aggregates. The aggregate structure which
determines the hydrodynamic interaction and the interparticle
forces is thereby modeled through an effective permeability.
A relation between the effective aggregate permeability and
the fractal dimension is developed in a subsequent section
which enables us to formulate the collision efficiency as a
function of the fractal dimension. Results show the obtained
collision efficiency and explore its impact on coagulation
kinetics. A detailed parameterization of the numerically com-
puted collision efficiency is given in the Supplementary ma-
terial.

Aggregate Collision Model

The aggregate collision model developed in this article
builds on the work of Bäbler et al.3 (hereafter referred to as
BSMB). In BSMB, the porous fractal aggregates were mod-
eled as permeable particles where the Brinkman equation17

was adopted to describe the flow inside the aggregates. The
collision frequency was then determined through the analysis
of the relative trajectories between a pair of aggregates. The
governing equation thereby is the relative velocity between
two approaching aggregates which was derived in a clearly
defined framework within BSMB. In particular, it was
assumed that the suspension is sufficiently diluted such that
only two body interactions occur and that the macroscopic
properties of the flow are not altered because of the presence
of the particles. Further, the particle Reynolds number Re 5
R2G/m � 1 and the particle Stokes number St 5 tpG � 1,
where18 tp 5 R2 (2qs/qf 1 1)/ (9m) is the particle relaxation
time, i.e., the time taken by the particle to adjust its velocity
to the velocity of the surrounding fluid flow. Regarding an
aqueous turbulent flow where (at least) qs/qf \ 4, these con-
ditions are equivalent to the condition that the particles are
smaller than the Kolmogorov length scale of the turbulent
flow, g 5 (m3/e)1/4. Additionally, it was assumed that the par-
ticle Péclet number Pe 5 GR2/D � 1 such that particle dis-
placement by Brownian diffusion is negligible. Considering
an aqueous flow with G 5 100 2 1000 s21, which are typi-
cal values found in the coagulation of lattices, BSMB, and
hence the present model, refer roughly to particles and aggre-
gates in the size range between 0.1 lm and 30–100 lm.

A scheme of the hydrodynamic problem of the collision
between two aggregates is shown in Figure 1a (see figure
caption for details). BSMB derived an analytical approxima-
tion for the relative velocity through a method of reflections.
The relative velocity was presented as a superposition of the
relative velocity induced by the fluid flow, v(flow), and the
relative velocity induced by interparticle forces, v(int), where
expressions for the two velocities are given by Eqs. 3 and 4
in BSMB, respectively. With respect to BSMB, the main dif-
ference of the present model is the characteristic length scale
that determines the interparticle forces, i.e., v(int). In BSMB,
where the aggregate structure was not considered, this length
scale was taken as the aggregate size, whereas in the present
model, the length scale of the interparticle forces is taken as
the primary particle size, as motivated as follows.

The relative velocity induced by interparticle forces
depends on the interparticle potential between the aggregates.
For fully destabilized particles the interparticle potential is
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governed by attractive forces of the van der Waals type.
These forces act on relatively short distances with respect to
the aggregate size. Regarding two approaching aggregates,
because of the rapid decay of the interparticle forces with
increasing separation distance, we have that only the interpar-
ticle forces acting between the two primary particles that are
the nearest contribute significantly to the interparticle force
acting between the aggregates.10 This is illustrated in Figure
1b, where Ra,s is the radius of the smallest sphere encompass-
ing the aggregate. Hence, the interparticle potential between
two aggregates separated by a distance r is taken as the van
der Waals potential19 between two primary particles separated
by a distance s 5 r 2 (Ra,s 1 Rb,s) 1 2Rp (Figure 1b),

w ¼ �AH

6

2R2
p

s2 � 4R2
p

þ 2R2
p

s2
þ ln

s2 � 4R2
p

s2

 !" #
; (3)

where AH is the Hamaker constant which for hydrocarbons in
an aqueous solution assumes AH � 3 3 10221 J. For large pri-
mary particles ([0.1 lm) retardation effects become signifi-
cant,19 which lead to a reduction of the interparticle potential
given by Eq. 3. Schenkel and Kitchener20 provide the follow-
ing empirical expression to account for retardation3:

w ¼ �AH

6

Rp

h
f ðpÞ;

f ðpÞ ¼ ð1þ 1:77pÞ�1; p � 0:5709
0:49p�1 � 0:1447p�2 þ 0:01686p�3; p > 0:5709

�
(4)

where h is the surface-to-surface distance between the par-
ticles, and p 5 2ph/(NLRp). Thereby, the retardation parame-
ter reads as

NL ¼ kL
�
Rp (5)

where kL is the London wave length that assumes typically
k � 100 nm. It is noticed, however, that for large NL, i.e.,
small primary particles, Eq. 4 does not reduce to Eq. 3, and
in the limit NL ? 1 it even predicts stronger interactions
than Eq. 3 which is not feasible. Hence, in the present model
the nonretarded potential (Eq. 3) is chosen whenever the re-
tarded potential (Eq. 4) leads to a larger collision efficiency.

When the two approaching aggregates are very close, sur-
face asperities of the primary particles start to influence the
interaction and the overlapping electron clouds of the par-
ticles lead to a Born repulsion acting to exclude the particle
volumes. This additional interaction is simply modeled as an
infinite repulsion force acting when the surface-to-surface
distance between the aggregates is smaller than a critical
value denoted by hmin. With this force taken into account,
the interaction potential has a deep minimum at s 5 hmin 1
2Rp. Aggregates entrapped in this minimum are regarded to
be aggregated. Typical values of hmin for polymeric lattices
are of the order of a few angstroms to a few nanometers
depending on the surface structure. To keep the number of
parameters reasonable, in this work we set hmin/Rp 5 0.01.

The relative velocity induced by the fluid flow, v(flow),
depends on the undisturbed flow on the length scale of the
particles (that is, the flow in the absence of the particles). In
the present model, the undisturbed flow is assumed to be a
linear axisymmetric extensional flow of magnitude E, i.e.,
u1 ¼ Eð� 1

2
x1;� 1

2
x2; x3ÞT. An illustration of the particle tra-

jectories in this flow is given in Figure 4 in BSMB. Regarding
coagulation in a turbulent flow, the axisymmetric extensional
flow was adopted in several studies21–23 to represent an effec-
tive flow field responsible for flow-induced collisions of neu-
trally buoyant particles below the Kolmogorov length scale.
This holds on Batchelor’s24 investigation of mass transfer
from the surface of a small sphere in a turbulent flow. In this
work, the component of the flow field responsible for mass
transfer to the particle surface was identified as a pure strain-
ing motion axisymmetric about the vorticity vector. From the
analysis of the velocity correlation functions in isotropic ho-
mogeneous turbulence, Batchelor further derived24

E ¼ 7

6
ffiffiffiffiffi
15

p S e
m

� �1=2
; (6)

where S is the negative skewness factor of the longitudinal
velocity derivative which in developed turbulence assumes
S � 0.5 2 0.6.

Having determined the relative velocity, the relative trajec-
tories follow through the integration of the relative velocity
and the collision frequency is obtained by identifying the tra-
jectories that lead to collisions. It is convenient to compute
the relative trajectories in spherical coordinates (r, y, /,
where r, y, and / are the radial coordinate, and the polar and
the azimuthal angle, respectively. In nondimensional form,
the relative velocity then reads as

Figure 1. (a) Scheme of the colliding aggregates; (b)
interparticle forces of the van der Waals type
act between the two primary particles in the
aggregates that are the nearest.

For (a) the flow in the vicinity of the aggregates and inside
the aggregates is described by the quasi steady creeping flow
equation and by the Brinkman equation, respectively. In both
flow domains, the flow is incompressible. Boundary condition
includes the linearity of the flow at infinity and continuity of
the velocity and the viscous stress across the particle surface.
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_q ¼ 1

2
qð1� AÞð3 cos2 h� 1Þ þ GNFYðq;NLÞ

18pk
Rp

Ra;s

� �2

;

_h ¼ � 3

2
ð1� BÞ sinh cosh;

_/ ¼ 0;

(7)

where q 5 2r/ (Ra,s 1 Rb,s) and k 5 Rb,s/Ra,s, (Rb,s � Ra,s)
are the nondimensional separation distance and the particle
size ratio, respectively. The first rhs term in the first equation
of Eq. 7 describes the change in the separation distance due to
the velocity gradient of the fluid flow, while the second rhs
term describes the change in the separation distance due to
interparticle forces. Accordingly, Y(q) is the nondimensional
interparticle force, Y(q, NL) 5 2(6Rp/AH) 3 (du/ds), and

NF ¼ AH

lR3
pE

: (8)

NF defined in this form is a measure of the strength of the
interparticle forces with respect to the hydrodynamic forces.
In the coagulation of polymeric latices, NF assumes values in
the range (1025, 103) (large and small primary particles
immersed in intense and weak flow, respectively). Further, A,
B, and G in Eq. 7 are hydrodynamic mobility functions4,26

which for the case where the flow inside the particles is gov-
erned by Brinkman equation were derived in BSMB (Eqs.
31, 32, and 40 in BSMB). Finally, dotted variables in Eq. 7
indicate derivatives with respect to a nondimensional time,
defined as tE.

Next to the particle sizes Ra,s/Rp and Rb,s/Rp 5 k 3 (Ra,s/
Rp) that define the geometry of the encounter, the trajectory
equation, Eq. 7, contains four more parameters. These are,
on one hand, the nondimensional permeabilities of the two
particles, referred to as shielding ratios,27

nj ¼ Rj;s=
ffiffiffiffiffi
kj;

p
j ¼ a; b; (9)

and which enter Eq. 7 through the hydrodynamic functions A,
B, and G. On the other hand, there is the nondimensional
Hamaker constant, NF, and the retardation parameter, NL,
which characterizes the interparticle forces. In the next sec-
tion, we will develop relations to express the former of these
quantities, i.e., Rs/Rp and nj, as a function of the fractal dimen-
sion and the aggregate mass. Regarding the hydrodynamic
functions A, B, and G, in BSMB it was found that they are
accurate for shielding rations below n � 10. The error is how-
ever still reasonable at a shielding ratio as a large as n � 20
(the error in the collision frequency at n � 20 was estimated
to be 14% by comparing approximations of A and B of differ-
ent order). From the relation for the particle permeability
which is presented in the next section, these critical shielding
ratios correspond to a fractal dimension of df 5 2.74 and
2.88, respectively (cf. Figure 2). Therefore, below df 5 2.88,
which refers to very dense aggregates, the hydrodynamic mo-
bility functions derived in BSMB are considered applicable.

Permeability of Aggregates

In the following section we address the problem of
describing the permeability of a fractal aggregate. We start
thereby with exploring the connection between the settling

rate of an aggregate and its permeability. The settling rate is
the most prominent manifestation of aggregate permeability
and its exploration will allow us to quantify any permeability
model. Let us consider an aggregate of mass i moving uni-
formly with velocity v in a flow at rest at infinity. The Rey-
nolds number based on the aggregate size and the aggregate
velocity is assumed to be smaller than unity such that the
governing equation describing the fluid flow in the vicinity
of the aggregate is the quasi steady creeping flow equation
(cf. Figure 1a). The boundary conditions read as u 5 0 for
r ? 1 and u 5 v at the surface of the primary particles
forming the aggregate, where r is the distance from the cen-
ter of mass of the aggregate. It is clear that with increasing
aggregate mass the latter of the two boundary conditions
rapidly makes the problem very difficult to solve. Rigorous
solutions exits for the monomer, the dimer,26 and trimers of
certain geometry.28 For larger aggregates, approximative
methods have to be used, e.g., the method of Kirkwood and
Riseman,29 applied by Wiltzius30 and Lattuada et al.,31 or
Stokesian dynamics,32 applied by Kim and Stolzenbach.33

An alternative approach is to model the aggregate as a per-
meable particle where the Brinkman equation (cf. Figure 1a)
is adopted to describe the flow inside the aggregate. Assum-
ing a spherical particle with a uniform permeability distribu-
tion, this approach results in a correction of the Stokes law
for the drag exerted on the moving particle, which reads as

Fr ¼ 6plRsrv; (10)

where Fr is the drag force and r is a correction factor that
equates to34

r ¼ 2n2½1� tanhðnÞ=n�
2n2 þ 3½1� tanhðnÞ=n� ; (11)

where n is given by Eq. 9. With increasing shielding ratio,
i.e., with decreasing permeability (for an impermeable parti-
cle k 5 0 and accordingly n ? 1), r converges to unity
and Eq. 10 reduces to the Stokes law for the drag on an
impermeable sphere.

Two quantities can be deduced from Eq. 10. First, the
hydrodynamic radius of an aggregate, Rh, is defined as the
radius of an impermeable sphere on which acts the same
drag as the one acting on a permeable aggregate when mov-
ing with uniform velocity v in a flow at rest at infinity. Using
Stokes law to compute the drag on the impermeable sphere,
it follows from Eq. 10 that

Rh=Rs ¼ rðnÞ: (12)

Second, the reduced settling velocity, c, is defined as the
ratio between the settling velocity of an aggregate of size Rs

and the settling velocity of an impermeable sphere of equal
size on which acts the same drag as the one acting on the
permeable aggregate. Using Stokes law for the impermeable
sphere, it follows as

c ¼ vj j
vimp

�� �� ¼ 1

rðnÞ ; (13)

where vimp is the settling velocity of the impermeable
sphere.
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From the above relation it becomes clear that to measure
r in a settling experiment, the mass of the aggregate has to
be known: from the mass, the force acting on the aggregate
follows as Fg 5 iVp(qp 2 qf)g, which balances the drag
force. Hence,

vimp ¼
iVpðqp � qfÞ

6plRs

g ¼ 2R2
s ðqp � qfÞu

9l
g; (14)

where u 5 i(Rp/Rs)
3 is the solid volume fraction of the ag-

gregate. Adopting the fractal concept in the form i 5 ks(Rs/
Rp)

df, the solid volume fraction reads as

u ¼ ksðRs

.
RpÞdf�3: (15)

Provided that the aggregate mass follows the fractal scal-
ing precisely, knowing the fractal dimension (and the prefac-
tor ks) is therefore in principle equivalent of having the ag-
gregate mass.

A simple approach to compute the permeability and the
correction factor r is to use a model.10,12 In general, these
models read as k 5 R2

p f (u), where f (u) is a function of the
aggregate solid volume fraction that depends on the frame-
work within which the model is developed (see Refs. 12 and
33 for a list of models for k). Such an approach in combina-
tion with Eq. 15 is used in all collision efficiency models
mentioned in the introduction. Li and Logan14 undertook a
detailed evaluation of this approach. In their experiments, the
settling velocity and the size of many aggregates were meas-
ured simultaneously in a settling column and the aggregate
mass was determined subsequently by redispersing the aggre-
gate. Strong disagreement between the measured and the cal-
culated settling velocity was found, which was assigned to
the misalignment of the assumption of a homogeneous per-
meability distribution inside an aggregate.

To overcome this discrepancy of existing permeability

models to describe fractal aggregates, we propose an alterna-

tive approach. Basically, an empirical relation is developed

by simply analyzing experimental and numerical data of the

hydrodynamic radius and the settling velocity. The data con-

sidered consist of two sets: (1) Lattuada et al.31 determined

the hydrodynamic radius of Monte-Carlo aggregates by using

the method of Kirkwood and Riseman.29 The fractal dimen-

sion of the simulated aggregates was 1.85 and 2.05 for diffu-

sion limited and reaction limited cluster aggregation, respec-

tively. (2) Lasso and Weidman35 ran controlled settling

experiments of hexagonal packed aggregates of small mass

in silicone oil. The fractal dimension of these aggregates is

taken to be equal to 3.0 even for the smallest aggregate

investigated, which consists of five primary particles.
A first observation regarding these data is presented in

Figure 2, where the solid points show Rh/Rg in the limit of

infinite aggregate mass [in the following denoted as (Rh/

Rg)1] as a function of the fractal dimension. The two points

on the left stem from Lattuada et al.,31 and for an aggregate

of infinite mass with df 5 3.0 we have the solid sphere limit
ðRh=RgÞ1 ¼ ffiffiffiffiffiffiffiffi

5=3
p

. It is seen that (Rh/Rg)1 increases line-
arly with df,

ðRh

�
RgÞ1 ¼ �0:109þ 0:466df ; (16)

shown by the solid line in Figure 2. To compute the correc-
tion factor r and the shielding ratio n utilizing Eqs. 11 and
12, the radius of the smallest sphere encompassing the aggre-
gate, Rs, has to be known. In the limit of infinite aggregate
mass, Rs is estimated as36

ðRs

�
RgÞ1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
df þ 2

df
:

r
(17)

For df 5 1.85 and 2.05, the above estimate gives (Rs/Rg)1
5 1.44 and 1.41, respectively, which is close to the values
found from the Monte-Carlo aggregates16 which in both
cases give (Rs/Rg)1 � 1.65. The dashed line in Figure 2
shows the shielding ratio for i ? 1 as a function of df
obtained from solving Eqs. 11 and 12 with (Rh/Rs)1 from
Eqs. 16 and 17. For a fractal dimension df � 2.88, the
shielding ratio assumes values n � 20, where n 5 20 is the
critical shielding ratio above which the error in the trajectory
calculations becomes significant. Note that the drag correc-
tion factor for n 5 20 equates to r 5 0.95, indicating that in
a settling experiment such an aggregate is hardly distinguish-
able from an impermeable particle owning to experimental
uncertainty.

Before addressing the shielding ratio for a finite aggregate
mass, let us discuss the monomer, the dimer, and the trimer
which we refer to as oligomers. These species are assumed
to be independent of the fractal dimension and are treated
separately in the relation for the permeability. The dimer (for
an arbitrary separation of the two monomers) was addressed
by Batchelor26 from which we find Rh/Rp 5 1.39. For the
trimer, the situation is more complicated because the trimer
can assume various conformations characterized through the
angle W, that is, the angle spanned by the lines connecting

Figure 2. Hydrodynamic radius normalized by the ra-
dius of gyration for infinitely large fractal
aggregates (solid line), and the correspond-
ing shielding ratio (dashed line) as a function
of the fractal dimension.

The solid points refer to numerical data. The open circles
refer to a shielding ratio of n 5 10 and 20 corresponding
to df 5 2.74 and 2.88, respectively, where the latter repre-
sents a critical shielding ratio below which the trajectories
are calculated accurately.
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the centers of the primary particles. In this work, we set W 5
1078 which is the average angle a trimer assumes if only the
geometry of the encounter between a monomer and a dimer
is considered. This is close to the value found in Monte-
Carlo simulations,16 where Wav � 1038. The hydrodynamic
radius of the trimer is taken from these simulations as Rh/Rp

5 1.59. Table 1 summarizes the properties of the oligomers.
Concerning the relaxation of Rh/Rg to its limiting value at

infinite mass given by Eq. 16, the two sets of data mentioned
earlier can be fitted by

ðRh

�
RgÞi ¼ ðRh

�
RgÞ1 þ ðRh

�
RgÞ3 � ðRh

�
RgÞ1

	 
 iþ a1
3þ a1

� �a2

;

i > 3; ð18Þ

where (Rh/Rg)3 5 0.98 (Table 1) refers to the triplet and (Rh/
Rg)1 is given by Eq. 16, and a1 5 1.51 and a2 5 9.587 2
7.5df 1 1.074d2f . Figure 3 shows Rh/Rg as a function of the
aggregate mass. The dashed lines refer to the Monte-Carlo
aggregates,31 where df 5 1.85 and df 5 2.05, respectively,
and the points refer to the experimental data of Lasso and
Weidman,35 where df 5 3. Considering the whole range of
aggregate masses it is observed that for df [ 2.34, Rh/Rg

exhibits a minimum at i 5 3 which is the sharper the larger
the fractal dimension. The fact that there must be a minimum

for large values of df becomes clear when recalling that for a
dimer Rh=Rg <

ffiffiffiffiffiffiffiffi
5=3

p
, while for a monomer and an infinitely

large aggregate with df 5 3 we have Rh=Rg ¼
ffiffiffiffiffiffiffiffi
5=3

p
. The

relaxation of the radius of the smallest sphere encompassing
the aggregate to its limiting value given by Eq. 17 can be
described by the following relation:

ðRs

�
RpÞi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
df þ 2

df

r
ðRg

�
RpÞi

þ ðRs

�
RpÞ3 �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
df þ 2

df

r
31=df

� �
iþ b1
3þ b1

� �b2

; i > 3; ð19Þ

where (Rs/Rp)3 5 2.61 (Table 1). The two parameters b1 and
b2 were chosen according to the two constraints that (1) the
limiting value of Rs given by Eq. 17 is reached very rapidly,
i.e., at i � 30 (Ref. 16), and (2) Rs is monotonically increas-
ing with increasing aggregate mass. These constraints are ful-
filled by b1 5 5 and b2 5 22.

Summarizing, Eqs. 18 and 19 give the ratio (Rh/Rg) and
(Rs/Rp) as a function of the fractal dimension and the aggre-
gate mass from which the correction factor r and the shielding
ratio n are computed utilizing Eqs. 11 and 12 (and the fractal
scaling relation, Eq. 2). The shielding ratio n and the nondi-
mensional aggregate size (Rs/Rp) are the quantities required in
the trajectory equation (Eq. 7). Having these quantities as
(implicit) functions of df and the aggregate mass allows us
therefore to formulate the trajectory equation and hence the
collision frequency as a function of df, the aggregate masses i
and j, and the nondimensional Hamaker constant NF.

Results

Collision efficiency

The model presented in this work results in an expression
for the collision frequency function, Kij, as a function of the
masses i and j of the colliding aggregates, the fractal dimen-
sion, the nondimensional Hamaker constant NF, and the retar-
dation parameter NL. It is appropriate to define a collision ef-
ficiency, fij 5 Kij/K

ð0Þ
ij , by dividing Kij by the geometric colli-

sion frequency function K
ð0Þ
ij , that is, the collision frequency

function in the absence of any particle interaction. In the
given framework, K

ð0Þ
ij equates analytically to3

K
ð0Þ
ij ¼ 4pffiffiffiffiffi

27
p EðRc;i þ Rc;jÞ3 ¼ k0GðRc;i þ Rc;jÞ3; (20)

where k0 � 0.36 follows from Eq. 6 and G 5 (e/m)1/2. The
collision efficiency fij accounts for the hydrodynamic interac-
tion and the interparticle forces acing between the aggregates.
The former causes thereby a deflection of the relative aggre-
gate trajectories which leads to a reduction of the collision ef-

Table 1. Properties of the Oligomers

Oligomer Rg=Rp Rh=Rp Rs=Rp n

Monomer
ffiffiffiffiffiffiffiffi
3=5

p
1 1 1

Dimer
ffiffiffiffiffiffiffiffi
8=5

p
1.39 (Ref. 26) 2 3.94

Trimer*
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2:38� 8=9cos#

p
(Ref. 41) 1.59 (Ref. 31) 1 1 2 sin(W/2) 3.07

*Trimer angle W 5 1078.

Figure 3. Hydrodynamic radius normalized by the ra-
dius of gyration as function of the aggregate
mass for various fractal dimensions.

The solid lines refer to Eq. 18, the dashed line shows the
results of Lattuada et al.31 for df 5 1.85 and 2.05, the open
circles refer to the oligomers given in Table 1, and the
closed squares show the experimental results of Lasso and
Weidman35 taken as df 5 3.0.
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ficiency. The attractive interparticle forces, on the other hand,
deflect the relative aggregate trajectories oppositely and lead
to an increase of the collision efficiency. Hence, the collision
efficiency can be either smaller or larger than unity depending
on the magnitude of the two types of interactions. Figure 4
shows a contour plot of fij for df 5 2.5 and NF 5 1 assuming
nonretarded interparticle forces. It is observed that for these
values of df and NF the efficiency steeply increases when
increasing the aggregate mass from the monomer to the triplet
which is followed by a slow decrease when increasing the ag-
gregate mass further. In addition, the efficiency decreases the
more different the two masses are, i.e., when moving away
from the diagonal in Figure 4.

Let us explore the behavior of fij in more detail following
the scheme presented in the inset in Figure 4. Region I refers
to collisions between oligomers (aggregates with i � 3)
whose structure is assumed to be independent of the fractal
dimension. Accordingly, the collision efficiency in this
region depends solely on NF and NL. Figure 5 shows fij for
i,j � 3 as a function of NF. The symbols refer to numerical
solutions of the aggregate collision model, and the solid
curves present an empirical parameterization of fij(df, NF, NL)
that is given in the Supplementary material. In all cases, fij
increases with increasing NF. Note that f11, which refers to
the collision between two solid spheres, remains finite even
in the limit of vanishing NF. This result stems from the finite
separation at contact which in the present calculations is set
to hmin/Rp 5 0.01. In the limit hmin ? 0 and NF ? 0 the
particle remains separated and the collision efficiency drops
to zero [this limit is not recovered in the numerical solution
of the aggregate collision model where we used analytical
approximations to the hydrodynamic functions3; however, in
a simple shear flow, one must have hmin/Rp \ 4.2 3 1025

(Ref. 37) in order to have the particles remaining separated
which is within the molecular scale when dealing with colloi-
dal particles]. The reduction of fij due to retardation of the
interparticle force is shown for f11 for which retardation has

the strongest impact. Thereby, open symbols refer to calcula-
tions assuming nonretarded interparticle forces, and bar sym-
bols refer to calculations including retardation. It is seen that
retardation significantly reduces the collision efficiency and
its effect becomes more pronounced the larger the NF. This
is readily understood by the fact that at weak interparticle
forces (small NF) the aggregate collision is controlled by
hydrodynamic interactions, and a weak reduction in the inter-
particle forces has negligible influence.

Figure 5 shows additionally the collisions efficiency for
collision between monomers and triplets (dashed curves in
Figure 5) stemming from Ducoste’s11 semiempirical exten-
sion of Kusters et al.10 (hereafter referred to as Kusters-
Ducoste model, KD, which is elucidated in the Supplemen-
tary material). The collision efficiency stemming from KD,
f
ðKDÞ
ij , is defined in the same way as fij above, that is, by
dividing the collision frequency by the collision frequency in
the absence of any interactions of the aggregates. KD
assumes that the undisturbed flow on the length scale of the
particles is a simple shear flow of magnitude G. Hence, the
collision frequency in the absence of any particle interactions
is given by Eq. 20 with k0 substituted for k00 � 1.3. To com-
pare KD with the model developed within this work, the col-
lision efficiency in the former case is therefore weighted by
(k00/k0) as indicated in Figure 5. It is found that the two mod-
els lead to similar predictions for collisions between mono-
mers but a significant deviation is observed for collisions
between larger oligomers.

Regions II and III in Figure 4 inset refer to collisions
between equal aggregates and aggregates with a vanishing
mass ratio (i.e., j/i ? 0) in the limit of infinite mass of the
larger aggregate, respectively. For infinitely large aggregates,
interparticle forces which act on the length scale of the pri-

Figure 5. Collision efficiency for the oligomers, i.e.,
aggregates with mass i � 3, as a function of
the nondimensional Hamaker constant NF.

The symbols and the solid curves refer to numerical calcu-
lations and their parameterization, respectively. Thereby,
open symbols refer to nonretarded interparticle forces and
bar symbols refer to calculations assuming retarded inter-
particle forces: (1) NL 5 1021, (3) NL 5 1022. The
dashed curves refer to the weighted collision efficiency
from the KD model.

Figure 4. Contour plot of the collision efficiency fij for
df 5 2.5, NF 5 1, assuming nonretarded inter-
particle forces.

The inset shows the scheme for the parameterization of fij.
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mary particles become negligible on the length scale of the
aggregates. Therefore, fij in the limit i ? 1 is independent
of NF (and NL) and is solely governed by the structure of the
aggregates characterized through the fractal dimension. Fig-
ure 6 shows fii and fij for i ? 1 and j/i ? 0 as a function
of df. The symbols refer to the numerical solution of the ag-
gregate collision model and the curves present the empirical
parameterization given in the Supplementary material. It is
seen that in the considered range of values of df the collision
efficiency between equal aggregates is always larger than the
collision efficiency between unequal aggregates. Regarding
the latter, we note that modeling the colliding aggregates as
permeable spheres of size Rs becomes a strong assumption
for j/i ? 0: If the two colliding aggregates are very open
and differ substantially in size it might occur that the smaller
aggregate penetrates the sphere describing the larger aggre-
gate without undergoing any physical contact to the larger
aggregate, and we have that the encounter becomes unsuc-
cessful. Such a case is not included in the aggregate collision
model and f1,1 shown in Figure 6 presents therefore an
upper limit of the collision efficiency for collisions with
j/i ? 0. In the coagulation of a particle population it occurs,
however, that these collisions are less frequent simply due to
the geometry of the encounter (cf. Eq. 20) and it is found
that they are less important for the evolution of a particle
population undergoing coagulation. (In the simulation of
coagulation presented below, the effect of penetrating aggre-
gates is accounted for through the choice of the collision ra-
dius in Eq. 20.) Last, from Figure 6 we see that when the
fractal dimension approaches df 5 3 infinitely large aggre-
gates become hydrodynamically equivalent to impermeable
spheres and the collision efficiency drops to zero. [Note that
the numerical calculations with approximated hydrodynamic
functions recover the solid sphere limit (i.e., fij 5 0) only in
the case of a vanishing aggregate mass ratio. The parameter-
ization given in the Supplementary material is, however, con-

structed such that the limit fij 5 0 for df 5 3 and i ? 1 is
recovered for 0 � i/j � 1.] Also, we note that KD gives
f
ðKDÞ
ij 5 0 for i ? 1.
Regions IV and V in Figure 4 inset refer to collisions

between equal aggregates of finite mass and collisions
between an aggregate of finite mass and an oligomer, respec-
tively. It is clear that with increasing mass of the larger ag-
gregate, regions IV and V approach regions II and III, where,
as discussed earlier, the efficiency becomes independent of
interparticle forces. On the other hand, with decreasing mass
of the larger aggregate, regions IV and V approach region I,
where the efficiency becomes independent of the fractal
dimension. The relaxation between these two limits is shown
in Figure 7, where fii and f1,i are plotted as a function of the
aggregate mass i for four sets of the parameters df and NF

(cf. figure caption) assuming nonretarded interparticle forces.
Retardation (not shown) is thereby found to lead to a slightly
faster relaxation between the two limits (its effect is readily
assessed through the parameterization given in the Supple-
mentary material). The efficiency for equal aggregates
(Figure 7a) rapidly relaxes to the limiting value where the

Figure 6. Collision efficiency for aggregates of equal
size (*) and aggregates with a vanishing
mass ratio (h) in the limit of infinite mass of
the larger aggregate as a function of the
fractal dimension.

The symbols and the solid curves refer to numerical calcu-
lations and their parameterization, respectively.

Figure 7. Collision efficiency for (a) aggregates of
equal size and (b) an aggregate of mass i
and a monomer as a function of the aggre-
gate mass i.

The symbols and the curves in the main axis show numeri-
cal calculations and their parameterization, respectively.
The insets show the weighted collision efficiency from the

KD model, i.e., f
ðKDÞ
ij 3 (k00 / k0). The conditions are (1)

df 5 2.1, NF 5 1, (2) df 5 2.3, NF 5 1, (3) df 5 2.5, NF 5
1, and (4) df 5 2.5, NF 5 1024. All curves assume nonre-
tarded interparticle forces.
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hydrodynamic interaction, characterized through the fractal
dimension, alone controls the collision. Hence, we have that
the asymptotic value of fii decreases with increasing df
(curves 1–3) and becomes independent of NF, as seen in the
overlapping of curves 3 and 4 for large NF. The efficiency
for the collision of an aggregate of mass i with a monomer
(Figure 7b) relaxes substantially slower reflecting the sensi-
tivity of the trajectory of a monomer to the structure of its
larger collision partner and to interparticle forces. The colli-
sion efficiency stemming from KD is shown in the insets in
Figure 7 [where f

ðKDÞ
ij is weighted by (k00/k0)]. A substan-

tial difference to fij shown in the main axis is observed. KD
predicts a fast decay of the efficiency with increasing aggre-
gate mass, and for the conditions shown in Figure 7, we
have f

ðKDÞ
ij 3 (k00/k0) \ 0.2 at i 5 104. Further, for a given

value of NF, KD predicts a weak increase of f
ðKDÞ
ij with

increasing df which is in disagreement with the notion that
dense aggregates are subject to stronger hydrodynamic inter-
actions and should therefore obey a smaller collision effi-
ciency. On the other hand, KD predicts a strong dependency
on NF within the whole range of cluster masses which is
illustratively seen by the small values assumed by curve 4
which refers to df 5 2.5 and NF 5 1024 whereas curves 1–3
refer to NF 5 1.

It remains to address region VI in Figure 4 inset, which
refers to collisions between nonequal aggregates of arbitrary
mass. Figure 8 shows fij for a fixed i 5 103 as a function of
the mass of the smaller aggregate. It is seen that for a large
mass of aggregate i, the collision efficiency relaxes from fii
to f3i, which were discussed in the context of regions IV and
V, respectively. For a small mass of aggregate i (not shown),
the situation is inverted and fii is smaller than fi3 (cf. parame-
terization in the Supplementary material). The inset in Figure
8 shows the collision efficiency computed from KD. Apart
from the fact that f

ðKDÞ
ij assumes significantly smaller values

than fij shown in the main axis, we observe an increase in
the efficiency with decreasing mass of the smaller aggregate.

Evolution of the cluster mass distribution

In the remainder of this section the influence of the colli-
sion efficiency on the coagulation dynamics is investigated.
For this purpose, let us consider an ensemble of particles sus-
pended in an infinite homogeneous flow which undergoes
coagulation. The evolution of the cluster mass distribution
(CMD) is governed by a population balance equation which
in nondimensional form reads as

dni
ds

¼ 1

2

Xi�1

j¼1

jj;i�jnjni�j � ni
X1
j¼1

ji;jnj (21)

where ni is the number of particles of mass i normalized by
the total number of monomers, N10 5 //Vp, / is the solid
volume fraction of the suspension, and jij and s are the non-
dimensional collision frequency and a nondimensional time,
respectively. The first term on the rhs of Eq. 21 accounts for
the increase in the number of particles of mass i due to
aggregation of two smaller particles, and the second term
accounts for the decrease of the number of particles of mass
i due to the aggregation with any other particle. To express
jij as an explicit function of the aggregate masses i and j, we

need a relation for the collision radius Rc,i. In the following
we use Rc � Rpi

1/df, i � 1, i.e., the collision radius (for large
aggregates) is assumed to be proportional to the radius of
gyration. This choice appears more feasible than using the
radius of the smallest sphere encompassing the aggregate, Rs,i:
Considering the collision between aggregate i and j, the two
spheres of radius Rs,i and Rs,j may touch in a location where
no primary particles are present, and, hence, such a collision
would not lead to aggregation. With the given expression for
Rc,i, the nondimensional collision frequency function and the
nondimensional time read as jij 5 Kij/(k0GR

3
p) and s 5 t 3

(k0GR
3
pN10), respectively. Equation 21 is solved using a fixed

pivot discretization scheme38 with the rate function jij eval-
uated at the position of the pivots. In the present implementa-
tion, 480 pivots are used to geometrically discretize the aggre-
gate mass. The geometric spacing between two pivots was
thereby chosen as 1.042 which lead to a maximal aggregate
mass of imax 5 3.4 3 109 that is resolved in the calculations
[the geometric spacing between the pivots starts at a mass
equal to 24; below, the mass is discretized linearly with a
spacing of unity providing that the (arithmetic) spacing
between neighboring pivots is always greater or equal than
unity]. Further details are given elsewhere.39,40

Coagulation processes are typically monitored through
some integral quantities of the CMD, e.g., an average parti-
cle size. Regarding the coagulation of latex particles, a
common technique to measure such an integral quantity is
light scattering. In the simplest setup, referred to as static
light scattering, the intensity of the scattered light is meas-
ured as a function of the scattering angle with respect to the
incident light beam. This technique provides two integral
quantities of the CMD which are the so-called zero angle
intensity, I0, i.e., the intensity of the scattered light extrapo-
lated to a scattering angle of zero, and a mean radius of
gyration, hRgi. These two quantities are related to the CMD
through39,41

Figure 8. Collision efficiency for nonequal aggregates
as a function of the mass of the smaller ag-
gregate.

The mass of the larger aggregate is kept constant at i 5 103.
Symbols and curves have the same meaning as in Figure 7.
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Rg


 � ¼
P1

i¼1 i
2niR

2
g;iP1

i¼1 i
2ni

 !1=2

; I0 ¼ Cð/Þ
P1

i¼1 i
2niP1

i¼1 i ni
; (22)

where Rg,i is the radius of gyration of an aggregate of mass i
which for i � 3 is given in Table 1 and by Eq. 2 otherwise,
and C(/) is a factor depending on the solid volume fraction.
Note that h�i refers to the mean defined through Eq. 22 and
not to an ensemble average. In the following, the mean ra-
dius of gyration and the zero angle intensity are reported in
nondimensional form, which are obtained by referring to a
reference state where the suspension consists only of mono-
mers. Hence, nondimensional quantities are obtained by
dividing the above quantities by hRgiref 5 Rg,1 and I0,ref 5
C(/).

Figure 9 shows the time evolution of the two integral
quantities given above. In case A (Figure 9a, b), the initial
CMD is assumed to consist only of monomers, i.e., the initial
condition to Eq. 21 reads as ni(t 5 0) 5 d1i. This case
describes the initial stage of a typical aggregation experi-
ment. The fractal dimension in such an initial stage is
small,39,42–44 and Figure 9a, b shows calculations assuming
df 5 2.1. The solid and the dashed curves refer to the colli-
sion efficiency model developed in this work and to KD,
respectively, and the enumerated pairs of curves indicate dif-
ferent values of NF (NF 5 1022, 100, 102 for curves 1–3,
respectively; nonretarded interparticle forces are assumed in
all calculations). In case B (Figure 9c, d), the initial CMD is

assumed to consist of aggregates with masses in the range
(0,i0) that obey a b-distribution, i.e., the initial condition to
Eq. 21 reads as ni(t 5 0) 5 Aia(i0 2 i)b, where a 5 2, b 5
6, i0 5 300, and A � G (a 1 b 1 3)/[G(a 1 2) ? G(b 1 1)]
is the normalization factor (determined through Si i 3 ni :
1). The physical scenario described in this case may be found
in an aggregation-breakage experiment, where in a first stage
of the experiment the aggregates grow until the CMD
reaches a steady state where aggregation and breakage bal-
ance. The b-distribution given above shall correspond to the
steady-state CMD at the end of this first stage where we set
accordingly s 5 0. When lowering now the agitation rate,
i.e., lowering the shear rate, the aggregates may grow to
larger sizes.45,46 This is referred to as the second stage of our
thought experiment, and Figure 9c, d shows the time evolu-
tion of hRgi and I0 in this second stage. The fractal dimen-
sion in such a second stage is typically large due to breakage
and restructuring having occurred in the first stage.39,42,46,47

Accordingly, in Figure 9c, d, we have df 5 2.6 and the dif-
ferent curves correspond again to different values of NF.

In case A (Figure 9a, b), both our model (solid curves)
and KD (dashed curves) predict a similar evolution of hRgi
and I0 in the early stage of the process. KD appears to be
more sensitive to NF than our model but the difference is
small. At later stages, the two models start to deviate and
our model predicts a fast increase of the integral quantities
with time while KD predicts roughly an exponential growth.
The situation is different in case B (Figure 9c, d), where KD

Figure 9. Evolution of the nondimensional mean radius of gyration and zero angle scattering intensity as a function
of the nondimensional time for (a, b) a monodisperse initial distribution and (c, d) an initial b-distribution.

The solid and the dashed curves refer to the efficiency model developed within this work and to the KD model, respectively. Curves in
the left panels (a, b) have df 5 2.1 and curves in the right panels (c, d) have df 5 2.6. In all panels, curves 1–3 refer to NF 5 1022, 100,
and 102, respectively, and nonretarded interparticle forces are assumed.
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deviates substantially from our model. For the values of NF

shown, KD predicts a very slow growth of the aggregates,
and moreover, the growth rate strongly depends on NF. Our
model, on the other hand, exhibits only a weak dependency
on NF reflecting the fact that collisions of large aggregates
are controlled by their hydrodynamic interactions and the
interparticle forces (characterized through NF) play only a
minor role. Experiments of the kind underlying case B show
that the (re)growth from a steady-state CMD is fast, i.e.,
comparable to the initial growth rate of the aggregates,45,46

favoring clearly our model against KD.

Uniform efficiency for the initial aggregate growth

We close this section by discussing the possibility of using
a uniform efficiency, f , for the initial aggregate growth. Fig-
ure 10 shows a phase space representation where the zero
angle intensity is plotted as a function of the mean radius of
gyration. For simplicity, nonretarded interparticle forces are
assumed. The solid curves refer to our model, whereas the
dashed curves refer to an uniform collision efficiency. Note
that in the latter case, the collision efficiency determines
solely the time evolution of the CMD, which is evidently
absent in the phase space representation shown in Figure 10
(hence, Figure 10 can be drawn without knowing f ). It is
observed that for values of NF around unity, our model (solid
curves) predicts a relative evolution of the two integral quan-
tities that is close to the prediction using a uniform efficiency
(dashed curves). For smaller (larger) values of NF, I0 from
our model evolves slower (faster) with respect to the uniform
efficiency. Thus, in a limited range of NF, we can formulate
the following empirical expression for the uniform efficiency
to compute the initial time evolution of hRgi and I0:

f ¼ ð1:29� 0:10 lnNFÞ�1; 10�2 < NF < 102: (23)

which is obtained by fitting the time evolution computed
with our efficiency model. The insets in Figure 10 show the
time evolution of hRgi and I0 computed with our efficiency
model (solid curves) and the uniform efficiency given by Eq.
23 (dashed curves). Good agreement is found for NF 5 1
(curve 4), whereas the evolution of both hRgi and I0 are
slightly underestimated and overestimated, for NF 5 1022

(curve 3) and NF 5 102 (curve 5), respectively.

Summary and Conclusions

A detailed model for flow-induced collisions of fractal
aggregates has been developed. The model is based on the
analysis of the relative trajectories of a pair of aggregates, and
it results in an expression for the collision efficiency as a
function of the masses of the two colliding aggregates, the
fractal dimension, a nondimensional Hamaker constant, NF,
and a retardation parameter, NL. A detailed parameterization
of the collision efficiency as a function of these four parame-
ters is given in the Supplementary material through a set of
simple algebraic relations. For small values of NF, the colli-
sion frequency is found to exhibit a maximum for the collision
between two trimers, whereas for very large values of NF, the
collision efficiency decreases monotonically with increasing

mass of the colliding aggregates. In both cases, collisions
between similar aggregates are preferential vs. collisions
between aggregates with different masses. Retardation leads to
a reduction in the collision efficiency for small aggregates.

The influence of the collision efficiency on the dynamics
of a suspension undergoing coagulation is investigated by
means of a population balance equation. A significant influ-
ence of interparticle forces characterized through NF is mani-
fested in the case where the initial suspension consists of pri-
mary particles. For an initial suspension consisting of aggre-
gates, the aggregate growth is only weakly dependent on NF

and is controlled by the fractal dimension. Interpreting the
initial suspension in this case as the CMD resulting from a
balance between aggregation and breakage, the model pre-
dicts a reasonable fast regrowth (induced, for example, when
lowering the agitation rate) of the aggregates.
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Figure 10. (a) Zero angle scattering intensity vs. the
mean radius of gyration; the solid and the
dashed curves refer to the collision effi-
ciency model developed within this work
and to a uniform efficiency, respectively; the
two sets of curves refer to df 5 2.1 and 2.6;
within each set, curves 1–3 refer to NF 5
102, 100, and 102, respectively, where in all
calculations nonretarded interparticle forces
are assumed; the insets show the evolution
of (b) the mean radius of gyration and (c)
the zero angle scattering intensity for df 5
2.1 according to our collision efficiency
model (solid lines) and the uniform efficiency
given by Eq. 23 (dashed lines).

Curves 1–3 refer to nonretarded interparticle forces with
NF 5 10–2, 100, and 102, respectively.
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Notation

AH5Hamaker constant, J
D5diffusion coefficient, m2 s21

df5 fractal dimension
E5 rate of extension, Eq. 6, s21

fij5 collision efficiency
G5 shear rate, s21

g5gravitational acceleration, m2 s21

h5 surface-to-surface distance between aggregates (Figure 1b), m
Kij5 collision frequency function, m3 s21

k5 aggregate permeability, m2

k05 factor in the geometric collision frequency function, Eq. 20
NF5nondimensional Hamaker constant, Eq. 8
Ni5number concentration of aggregates i, m23

NL5nondimensional retardation parameter, Eq. 5

p; ~p5pressure, and local mean pressure inside an aggregate, Pa

Rc,i5 collision radius of aggregate i, m
Rg,i5 radius of gyration of aggregate i, m
Rs,i5 radius of the smallest sphere encompassing aggregate i, m
Rp5 radius of the primary particle, m

u;~u5 fluid velocity, and local mean fluid velocity inside an aggre-
gate, m s21

u15undisturbed fluid velocity, m s21

Vp5primary particle volume, m3

Acronyms

BSMB5 collision model of Bäbler et al.3

CMD5 cluster mass distribution,
KD5 collision model of Kusters-Ducoste11

Greek letters

G(z)5gamma function
dij5Kronecker delta
e5 turbulent energy dissipation rate, m2 s23

g5Kolmogorov length scale, m
k5 aggregate size ratio
kL5London wave length, m
l5dynamic viscosity, kg (m s)21

m5kinematic viscosity, m2 s21

f5 shielding ratio, Eq. 9
q5nondimensional center-to-center distance
qf5fluid density, kg m23

qp5primary particle density, kg m23

qs5 aggregate density, kg m23

/5 solid volume fraction of the suspension
u5 aggregate solid volume fraction, Eq. 15
w5 interparticle potential, J
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